Abstract. We introduce local power contractions and nodal contractions in cone metric spaces and prove the existence of fixed points of such contractions in cone metric spaces. Our theorems generalize the results of Haung and Zhang [L-G. Haung, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings,
Introduction
In 2007, Haung and Zhang [2] generalized the concept of a metric space, replacing the set of real numbers by an ordered Banach space by defining the concept of a cone metric space which is more general than that of a metric space, and obtained fixed point theorems for mappings satisfying different contractive conditions. Let E be a real Banach space and P be a subset of E . P is called a cone if the following three conditions (1) P is closed, nonempty, and P = {0}, (2) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + b y ∈ P , and (3) x ∈ P and −x ∈ P ⇒ x = 0.
Given a cone P ⊂ E , we define a partial order ≤ with respect to P by x ≤ y if and only if y −x ∈ P . In this case we call P an order cone. We write x < y if x ≤ y and x = y; we write x ≪ y if y − x ∈ i nt P , where i nt P denotes the interior of P .
An order cone P is called normal if there is a number K > 0 such that for all x, y ∈ E , 0 ≤ x ≤ y implies ∥ x ∥≤ K ∥ y ∥ .
Rezapour and Hamlbarani [3] observed that there is no normal cone with normal constant K < 1. 
(2) a convergent sequence in X if for each c in E with 0 ≪ c, there is N such that for all n > N , d (x n , x) ≪ c for some x in X . In this case, we say that {x n } converges to x in X and we denote it by lim n→∞ x n = x or x n → x as n → ∞.
We observe that if the cone is normal and the sequence {x n } is convergent, then the limit of {x n } is unique. [2] ). Let (X , d ) be a cone metric space, P be a normal cone with normal constant K . Let {x n } and {y n } be sequences in X such that x n → x and y n → y as n → ∞.
The following is the 'Banach contraction principle in cone metric space'. Theorem 1.5.(Haung and Zhang [2] ). Let (X , d ) be a complete cone metric space, P be a normal cone with normal constant K . Let T : X → X be a selfmap. Assume that T is a contraction on X ; i.e., there exists α ∈ [0, 1) such that
Then T has a unique fixed point in X . Also, for any x ∈ X , the iterative sequence {T n x} converges to the fixed point.
A generalization of Banach contraction principle in cone metric spaces is the following theorem. 
Then T has a unique fixed point in X .
Thoughout this paper we use the following notation: we denote the n t h iterate of T by T n , and T 0 = I , the identity mapping. For any A ⊂ X , cl A represents the closure of A; R denotes the set of all reals; and N denotes the set of all natural numbers.
Thoughout this paper we use the following notation: we denote the n t h iterate of T by 
In 1969, Sehgal [4] established that every continuous local power contraction on a complete metric space has a unique fixed point and the sequence of iterates of any point in the complete metric space converges to the fixed point. In 1970, Guseman [1] generalized it by relaxing the continuity assumption, and proved the following theorem. 
Then T has a unique fixed point z in B and T
then T has a unique fixed point u in X and T n x 0 → u as n → ∞ for each x 0 ∈ X .
In section 2 of this paper, we introduce local power contractions, nodal contractions, nodal points, and discuss the relation between nodal points and fixed points. In section 3,
we prove the existence of fixed points of local power contractions and establish the convergence of Picard iterations to the fixed point when the fixed point of the operator considered is unique (Theorem 3.2).
Also, we prove the existence of nodal points of nodal contractions in cone metric spaces (ii) Every simple nodal point is a nodal point but its converse need not be true.
The following is an example for the justification of Remark 2.2.
Example 2.3. Let E = R 2 , the Euclidean plane, and
is a cone metric on X .
, 0))
Hence, T is a nodal contraction on X with n = 2 and α = 1 2 . Here we observe that T is not a simple nodal contraction on X ; since, for any α ∈ [0, 1) and for any (x, 0) ∈ X ,
Also, we observe that the point (0,0) is a nodal point of T in X , which is not a simple nodal point of T in X . Now, the following question is natural:
"Is every nodal contraction has a fixed point ?"
The answer to this question is not affirmative, which is shown by the following example. Example 2.4. Let E = R 2 , the Euclidean plane, and
is a cone metric on X . We define T : X → X by
and
Then T is a nodal contraction on X with n = 2 and α = 1 2
. We observe that T has no fixed points in X . Thus we have the following question.
Question 1.
What additional hypotheses is required for a nodal contraction to have a fixed point?
We answer this question in Proposition 2.10 and use it to prove our main results of Section 3.
Remark 2.5. The following example shows that every simple nodal contraction need not have a simple nodal point.
Example 2.6. Let E = R, and P = {x ∈ R : x ≥ 0}, a cone of real line. Let
We define the cone metric d on X as the usual metric on R 2 . We define T : X → X by y) , (0, 0)) for all (x, y) ∈ X . Hence, T is a simple nodal contraction on X . But T has no simple nodal points in X .
Here we observe that Example 2.6 does not contradict Theorem 1.5, since T is not a contraction; for, the points (1, 1), (0, 1) ∈ X , we have d (T ((1, 1) ), T ((0, 1))) = 
Question 2. Under what hypotheses, a simple nodal contraction has a fixed point?
We answer this question in Corollary 3.5. Example 2.9. Let E , P, X and d be as given in Example 2.3. We define T : X → X by
x is irrational}. Then T is a simple nodal contraction on B and the point (0, 0) is a local simple nodal point of T in B .
We observe that T has no global simple nodal points, for d (T ((x, 0)), T ((y, 0))) = d ((x, 0), (y, 0)) for all (x, 0), (y, 0) ∈ A, where A = {(x, 0) ∈ X : x is rational} ∪ {(0, x) ∈ X : x is rational}.
Proposition 2.10. Let (X , d ) be a cone metric space with an order cone P . Let T : X → X be a selfmap. Then every nodal point of T in a nonempty subset B of X is a unique fixed point of T in B .
Proof. Let z ∈ B be a nodal point of T . Then there exists a constant 0 ≤ α < 1 and a positive integer n = n(z) > 1 such that T n z = z and for each y ∈ X , there exists a positive integer n = n(y) such that
Here, we call α a local power contraction constant of T in B .
Remark 2.12. From the Definition 2.11, it is easy to see that every local power contraction is a nodal contraction if n > 1; and every local power contraction is a simple nodal contraction if n = 1. The following examples show that its converse need not be true even when the cone is a nonnegative real line.
Example 2.13. Let E = R, and P = {x ∈ R :
We define the cone metric d on X as the usual metric on R 2 . We define T : X → X by y), (0, 0) ). Hence, T is a nodal contraction on X with n = 2 and α = Here, we observe that T is not a local power contraction on X ; for, the points (1, 1), 1) , (1, 0)) for any 0 ≤ α < 1 and n = 1, 2, 3, . . . . Example 2.14. Let E , P, X , and d be as given in Example . We define T : X → X by
.
Hence, T is a simple nodal contraction on X with α = But T is not a local power contraction on X ; for, the points (1, 1), (0, 1) ∈ X ,
if n is odd so that 1) , (0, 1)) for any 0 ≤ α < 1 and n = 1, 2, 3, . . .. 
Proof.
Let z ∈ B be a nodal point of a map T . Then there exists a constant 0 ≤ α < 1 and a positive integer n = n(z) > 1 such that T n z = z and Then,
Hence,
From (3.1.2), by the normality of the cone P with normal constant K , we have 
. . .
Now, using the normality of P , we have
Hence, the sequence {x j } is Cauchy in B .
By the completeness of X and (c), we have x j → z ∈ B as j → ∞. Hence, by (b), there exists a positive integer n = n(z) such that
In particular, for y = x j , we have
Thus,
Now, by Lemma 1.4, it follows that T n z = z. Hence, z is the unique nodal point of T in B . By Proposition 3.1, z is the unique fixed point of T in B and T n y → z as n → ∞, for each y ∈ B .
The last assertion of Theorem 3.2 follows directly from Proposition ??.
This completes the proof of the theorem. 
